We give a theorem on implicit difference functional inequalities generated by mixed problems for nonlinear systems of first-order partial differential functional equations. We apply this result in the investigations of the stability of difference methods. Classical solutions of mixed problems are approximated in the paper by solutions of suitable implicit difference schemes. The proof of the convergence of difference method is based on comparison technique, and the result on difference functional inequalities is used. Numerical examples are presented.
Introduction
The papers 1, 2 initiated the theory of difference inequalities generated by first-order partial differential equations. The results and the methods presented in 1, 2 were extended in 3, 4 on functional differential problems, and they were generalized in 5-8 on parabolic differential and differential functional equations. Explicit difference schemes were considered in the above papers. Our purpose is to give a result on implicit difference inequalities corresponding to initial boundary value problems for first-order functional differential equations.
We prove also that that there are implicit difference methods which are convergent. The proof of the convergence is based on a theorem on difference functional inequalities.
We formulate our functional differential problems. For any metric spaces X and Y we denote by C X, Y the class of all continuous functions from X into Y. We will use vectorial inequalities with the understanding that the same inequalities hold between their corresponding components. Write 
1.2
For a function z : Ω → R k , z z 1 , . . . , z k , and for a point t, x ∈ E where E is the closure of E, we define a function z t,x : D → R k by z t,x τ, y z t τ, x y , τ, y ∈ D. Then z t,x is the restriction of z to the set t − d 0 , t × x − d, x d and this restriction is shifted to the set D. and
We consider the system of functional differential equations
with the initial boundary condition
It is clear that more complicated differential systems with deviated variables and differential integral problems can be obtained from 1.4 by a suitable definition of f. Sufficient conditions for the existence and uniqueness of classical or generalized solutions of 1.4 , 1.5 can be found in 9, 10 .
Our motivations for investigations of implicit difference functional inequalities and for the construction of implicit difference schemes are the following. Two types of assumptions are needed in theorems on the stability of difference functional equations generated by 1.4 , 1.5 . The first type conditions concern regularity of f. It is assumed that i the function f of the variables t, x, w, q ,1 , . . . , q n , is of class C 1 with respect to q and the functions ∂ q f i
ii f satisfies the Perron type estimates with respect to the functional variable w.
The second type conditions concern the mesh. It is required that difference schemes generated by 1.4 , 1.5 satisfy the condition
where h 0 and h h 1 , . . . , h n are steps of the mesh with respect to t and x 1 , . . . , x n respectively. The above assumption is known as a generalized Courant-Friedrichs-Levy CFL condition for 1.4 , 1.5 see 11, Chapter 3 and 10, Chapter 5 . It is clear that strong assumptions on relations between h 0 and h are required in 1.10 . It is important in our considerations that assumption 1.10 is omitted in a theorem on difference inequalities and in a theorem on the convergence of difference schemes.
We show that there are implicit difference methods for 1.4 , 1.5 which are convergent while the corresponding explicit difference schemes are not convergent. We give suitable numerical examples.
The paper is organized as follows. A theorem on implicit difference functional inequalities with unknown function of several variables is proved in Section 2. We propose in Section 3 implicit difference schemes for the numerical solving of functional differential equations. Convergence results and error estimates are presented. A theorem on difference inequalities is used in the investigation of the stability of implicit difference methods. Numerical examples are given in the last part of the paper.
We use in the paper general ideas for finite difference equations which were introduced in 12-14 . For further bibliographic informations concerning differential and functional differential inequalities and applications see the survey paper 15 and the monographs 16, 17 . 
Functional Difference Inequalities
For any two sets U and W we denote by F U, W the class of all functions defined on U and taking values in W. Let N and Z be the sets of natural numbers and integers, respectively. For
We define a mesh on Ω in the following way. 
2.3
Let N 0 ∈ N be defined by the relations:
For functions w : Solutions of difference equations corresponding to 1.4 , 1.5 are functions defined on the mesh. On the other hand 1.4 contains the functional variable z t,x which is an element of the space C D, R k . Then we need an interpolating operator
We define T h in the following way. Let us denote by ϑ 1 , . . . , ϑ n the family of sets defined by
Set e i 0, . . . , 0, 1, 0, . . . , 0 ∈ R n with 1 standing on the ith place.
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where
and we take 0 ∈ D h . In a similar way we define the relation w ≤ w for w, w ∈ C D, R k and the relation z ≤ z for z, z ∈ F Ω h , R k and for z, z ∈ C Ω, R k . We formulate an implicit difference scheme for 1.4 , 1.5 . For x, y ∈ R n we write 
3 there is ε 0 > 0 such that for 0 < h 0 < ε 0 and w, w ∈ C D, R k , w ≤ w, we have 
The same property of bicharacteristics is needed in a theorem on the existence and uniqueness of solutions to 1.4 , 1.5 see 9 . It is important that our theory of difference methods is consistent with known theorems on the existence of solutions to 1.4 , 1.5 . 
Remark 2.2. Given the function
The above problem is considered as an implicit difference method for 1. 
2.29
We define m ∈ Z n and μ ∈ N, 1 ≤ μ ≤ k, as follows: 
2.31
It follows that u μ − v μ r 1, m ≤ 0. The the proof of 2.23 is completed by induction.
Implicit Difference Schemes
We define N N 1 , . . . , N n ∈ N n by the relations:
In a similar way we define the norm in the space
The following properties of the operator T h are important in our considerations.
The above lemmas are consequences of 10, Lemma 3.19 and Theorem 5.27 . We first prove a theorem on the existence and uniqueness of solutions to 2.20 , 2.21 . :
Let us consider the set
We consider the operator 
It follows from 3.10 that we have for −N ≤ m ≤ N: 3.14 It follows from the above relations and from 3.5 that
According to 3.12 we have is the solution of the above problem. Let us denote by z h an approximate solution which is obtained by using the implicit difference scheme.
The Newton method is used for solving nonlinear systems generated by the implicit difference scheme.
Let ε h be defined by 4.4 with N 1 h 1 0.5, N 2 h 2 0.5, N 0 h 0 0.5. We put h 0 h 1 h 2 0.005 and we have the values of the above defined errors which are shown in Table 2 .
Note that our equation and the steps of the mesh do not satisfy condition 1.10 which is necessary for the explicit difference method to be convergent. In our numerical example the average errors for the explicit difference method exceeded 10 2 . The above examples show that there are implicit difference schemes which are convergent, and the corresponding classical method is not convergent. This is due to the fact that we need assumption 1.10 for explicit difference methods. We do not need this condition in our implicit methods.
Our results show that implicit difference schemes are convergent on all meshes.
